Abstract. Let K be a field and G be a group of its automorphisms.
1. Introduction 1.1. Goals. Let G be a group of permutations of a set C. Then the group G is endowed with the topology, whose base is given by the translates of the pointwise stabilizers of the finite subsets in C. From now on, C is a field and G consists of field automorphisms. We are interested in continuous G-actions on discrete sets (i.e., with open stabilizers), called smooth in what follows. These G-sets will be vector spaces over G-invariant subfields K ⊆ C, while the G-actions will be semilinear.
1.2.
Motivation. The problem of describing certain irreducible smooth semilinear representations of G in C-vector spaces arises in some algebro-geometric problems, where C is an algebraically closed extension of infinite transcendence degree of an algebraically closed field k of characteristic 0 and G is the group of all automorphisms of the field C leaving k fixed. This is briefly explained in §4. 1 .
Fix a transcendence base Ψ of C over k and denote by k(Ψ) the subfield of C generated over k by the set Ψ. Then taking invariants of the Galois group of the extension C|k(Ψ) is a faithful and exact functor from the category of smooth semilinear representations of G over C to the category of smooth semilinear representations over k(Ψ) of the group SΨ of all permutations of the set Ψ.
Then the problem splits into two parts: (i) to describe the smooth k(Ψ)-semilinear representations of SΨ and (ii) to relate smooth k(Ψ)-semilinear representations of SΨ and 'interesting' smooth k-linear and C-semilinear representations of G. We study (i) in detail and give some remarks on (ii).
Basic notation.
For an abelian group A and a set S we denote by A S the abelian group, which is the direct sum of copies of A indexed by S, i.e., the elements of A S are the finite formal sums N i=1 a i [s i ] for all integer N ≥ 0, a i ∈ A, s i ∈ S, with addition defined obviously. In some cases, A S will be endowed with an additional structure, e.g., of a module, a ring, etc.
If A is an associative ring endowed with an action of a group G respecting both operations in A, we consider A G as a unital associative ring with the unique multiplication such that (a , where we write a h for the result of applying of h ∈ G to a ∈ A.
The left A G -modules are also called A-semilinear representations of G if A is a field.
1.5.
Results. Let k be a field and {A i } i∈Ψ be a collection of unital associative k-algebras, indexed by a set Ψ. Denote by k, i∈Ψ A i the coproduct of k-algebras, i.e., k, i∈Ψ A i := lim − → I⊂Ψ k, i∈I A i is inductive limit of the system of the tensor products k, i∈I A i over k for all finite subsets I ⊂ Ψ, consisting of finite linear combinations of tensor products of elements in A i , almost all equal to 1. Let F be a field and k be a subfield algebraically closed in F . Denote by F Ψ = F k,Ψ the field of fractions of the k-algebra k, i∈Ψ F . The group SΨ of all permutations of the set Ψ acts on k, i∈Ψ F by permuting the tensor factors, and thus, it acts on the field F Ψ . For instance, if F = k(x) is the field of rational functions in one variable then F Ψ = k(Ψ) is the field of rational functions over k in the variables enumerated by the set Ψ, while the group SΨ acts on k(Ψ) by permuting the variables. Theorem 1.2. Let Ψ be a set, F be a field and k be a subfield algebraically closed in F .
Assume that transcendence degree of the field extension F |k is at most continuum. Let K ⊆ F Ψ be an SΨ -invariant subfield. Then the object F Ψ is an injective cogenerator of the category of smooth K SΨ -modules.
In particular, (i) any smooth K SΨ -module can be embedded into a direct product of copies of F Ψ ; (ii) any smooth F Ψ SΨ -module of finite length is isomorphic to a direct sum of copies of F Ψ .
Gabriel spectrum of the category of smooth F Ψ SΨ -modules, i.e., the set of isomorphism classes of indecomposable injectives, consists of is the set {F Ψ , F Ψ Ψ , . . . , F Ψ Ψ s }. Theorem 1.2, can be considered as an example of a field K and a non-precompact group G of its automorphisms such that the smooth irreducible K-semilinear representations of G admit an explicit description. In Theorems 1.3 and 1.6 two more examples are presented with the same group G = SΨ showing that description depends crucially on the field K.
For each d ∈ Z, let V d ⊆ k(Ψ) be the subset of homogeneous rational functions of degree d, so V 0 is an SΨ -invariant subfield and Finally, Theorem 3.18 asserts that, for any left noetherian associative ring A endowed with a smooth SΨ -action, the category of smooth left A SΨ -modules is locally noetherian.
Open subgroups and permutation modules
For any set Ψ and a subset T ⊆ Ψ, we denote by S Ψ|T the pointwise stabilizer of T in the group SΨ . Let SΨ,T := SΨ T × ST denote the group of all permutations of Ψ preserving T (in other words, the setwise stabilizer of T in the group SΨ , or equivalently, the normalizer of S Ψ|T in SΨ ). Proof. Let us show first that
while the latter is an S Ψ|T 1 -orbit. Proof. Any open subgroup U in SΨ contains the subgroup S Ψ|T for a finite subset T ⊂ Ψ. Assume that T is chosen to be minimal. If σ ∈ U then U ⊇ σ S Ψ|T σ −1 = S Ψ|σ(T ) , and therefore, (i) σ(T ) is also minimal, (ii) U contains the subgroup generated by S Ψ|σ(T ) and S Ψ|T . By Lemma 2.1, the subgroup generated by S Ψ|σ(T ) and S Ψ|T is S Ψ|T ∩σ(T ) , and thus, U contains the subgroup S Ψ|T ∩σ(T ) . The minimality of T means that T = σ(T ), i.e., U ⊆ SΨ,T . If T ′ ⊂ Ψ is another minimal subset such that S Ψ|T ′ ⊆ U then, by Lemma 2.1, S Ψ|T ∩T ′ ⊆ U , so T = T ′ , which proves (b) and (the uniqueness in the case) (a). It follows from (b) that S Ψ|T ⊆ U ⊆ SΨ,T , so S Ψ|T is of finite index in U . As the subgroups S Ψ|T and S Ψ|T ′ are not commensurable for T ′ = T , we get the uniqueness in the case (c).
Lemma 2.3. Let G be a group acting on a field K and Example and notation. Let G be a group acting on a field K = K ′ ; U ⊂ G be a maximal proper subgroup. Assume that K U = K G =: k. Then we are under assumptions of Lemma 2.3.
The representation K G/U is highly reducible: any finite-dimensional
More particularly, let G = SΨ . Let U ⊂ SΨ be a maximal proper subgroup, i.e., U = SΨ,I for a finite subset I ⊂ Ψ (so SΨ /U can be identified with the set Proof. The elements [g] ∈ G/U can be considered as certain pairwise distinct one-dimensional characters χ [g] : (K U ) × → K × . By Artin's independence of characters theorem, the characters χ [g] are linearly independent in the K-vector space of all functions (
This is a normal subgroup of finite index. 
Proof. The injectivity follows from Artin's independence of characters theorem. To check the surjectivity, it suffices to check the surjectivity of the restriction Proof. Let V be a smooth semilinear representation of G. Then the stabilizer of any vector v ∈ V is open, i.e., the stabilizer of some vector v ′ in the G-orbit of v admits a subgroup commensurable with some H ∈ B. The K-linear envelope of the (finite) H-orbit of v ′ is a smooth K-semilinear representation of H, so it is trivial, i.e., v ′ belongs to the K-linear envelope of the K H -vector subspace fixed by H. As a consequence, there is a morphism from a finite cartesian power of K G/H to V , containing v ′ (and therefore, containing v as well) in the image. Example 2.6. Let K be a field endowed with a smooth faithful SΨ -action. Let S ⊆ N be an infinite set of positive integers. Then (i) the assumptions of Lemma 2.5 hold if B is the set of subgroups SΨ,T for a collection of subsets T ⊂ Ψ with cardinality in S,
Thus, the objects K Ψ N for N ∈ S form a system of generators of the category of smooth K-semilinear representations of SΨ . One has K
Structure of smooth semilinear representations of SΨ
The following result will be used in the particular case of the trivial G-action on the A-module V (i.e., χ ≡ id V ), claiming the injectivity of the natural map
Lemma 3.1. Let G be a group, A be a division ring endowed with a G-action G → Aut ring (A), V be an A G -module and χ :
Proof. This is well-known: Suppose that some elements w 1 , . . . , w m ∈ V χ are A G -linearly independent, but A-linearly dependent for a minimal m ≥ 2. Then w 1 = m j=2 λ j w j for some λ j ∈ A × . Applying σ − χ(σ) for each σ ∈ G to both sides of the latter equality, we get
By the minimality of m, one has λ σ j −λ j = 0 for each σ ∈ G, so λ j ∈ A G for any j, contradicting to the A G -linear independence of w 1 , . . . , w m .
3.1. Growth estimates. Let G ⊆ SΨ be a permutation group of a set Ψ.
For a subset S ⊂ Ψ, (i) we denote by G S the pointwise stabilizer of the set S; (ii) we call the fixed set Ψ G S the G-closure of S. We say that a subset
for any i, and thus, s ∈ i S i . This implies that the subgroup generated by G S i 's is dense in G i S i (and coincides with G i S i if at least one of G S i 's is open). The G-closed subsets of Ψ form a small concrete category with the morphisms being all those embeddings that are induced by elements of G.
For a finite G-closed subset T ⊂ Ψ, (hiding G and Ψ from notation) set Aut(
Assume that for any integer N ≥ 0 the G-closed subsets of length N form a non-empty G-orbit. For each integer N ≥ 0 fix a G-closed subset Ψ N ⊂ Ψ of length N , i.e., N is the minimal cardinality of the subsets S ⊂ Ψ such that Ψ N is the G-closure of S.
For a division ring endowed with a G-action and an
Lemma 3.2. Let G be either SΨ (and then q := 1) or the group of automorphisms of an F q -vector space Ψ fixing a subspace of finite dimension v ≥ 0. Let A be a division ring endowed with a
there is a natural inclusion
is given by the number of G-closed subsets in Ψ N with length-0 intersection with Ψ m . Indeed, for any nonzero element α ∈ M ⊆ A G/G Ψn there exist an integer m ≥ 0 and elements ξ, η ∈ G such that ξα is congruent to σ∈Aut(Ψn) b σ ησ for some non-zero collection {b σ ∈ A} σ∈Aut(Ψn) modulo monomorphisms whose images have intersection of positive length with a fixed finite Ψ m .
Let q be either 1 or a primary integer. Let S be a plain set if q = 1 and an F q -vector space if q > 1. For each integer s ≥ 0, we denote by 
Proof. (1) follows from the lower growth estimate of Lemma 3.2.
(2) follows immediately from Lemma 3.2.
(3) Suppose that there exists a nonzero submodule M ⊆ A G/G T such that M ∩ V Ξ = 0. Then restriction of some ξ ∈ Ξ to M is nonzero. If ξ| M is not injective, replacing M with ker ξ ∩ M , we can assume that ξ| M = 0. In other words, we can assume that restriction to M of any ξ ∈ Ξ is either injective or zero. In particular, restriction to M of some ξ ∈ Ξ is injective, i.e. ξ embeds M into A G/G T ′ , contradicting to (2).
3.2.
Smooth SΨ -sets and F Ψ -semilinear representation of SΨ as sheaves. Let FinEmb be the following category. Its objects are the finite sets. Its morphisms are opposite to the embeddings. For each objet T ∈ FinEmb denote by FinEmb T the category of morphisms to T . (E.g., FinEmb T is equivalent to FinEmb, S → S T , S → S T .) The category FinEmb admits products: product of a pair of objects
Consider FinEmb T as a site, where any morphism is covering. The functor ν Ψ admits a quasi-inverse ν 
Proof. For any pair of sheaves F and G, a map of sets α : F(Ψ) → G(Ψ) and any embedding ι :
If α is a morphism of SΨ -sets then α S is independent of ι, since all embeddings S ֒→ Ψ form a single SΨ -orbit. This gives gives rise to a natural bijection Hom SΨ (F(Ψ), G(Ψ)) ∼ −→ Hom(F, G), the inverse map is given by restriction to finite subsets of Ψ.
To construct a functor ν −1
Ψ quasi-inverse to ν Ψ , for each finite set S fix an embedding ι S : S ֒→ Ψ, which is identical if S is a subset of Ψ. Then to a smooth SΨ -set M we associate the presheaf S → M SΨ|ι S (S) and to each embedding j : S ֒→ T we associate a unique map
induced by the element ι T jι
. It follows from Lemma 2.1 that this presheaf is a sheaf. Proof. Let a smooth K SΨ -module E be an essential extension of K. We are going to show that E = K, so we may assume that E is cyclic. By Proposition 3.5, there is a finite subset J ⊂ Ψ and an isomorphism of K S Ψ|J -modules 
To show that E ′ = K ′ , we have to construct a morphism λ :
We define ξ as follows. Let k 0 ⊆ k be the prime subfield. Then the cardinality of k 0 ((t)) is continuum, so transcendence degree of k 0 ((t)) (and of k((t)) over k as well) is continuum. This implies that we can send the elements of a chosen transcendence basis of F J |k to elements of k((t)) algebraically independent over k. By [1] , this extends to an embedding of the field F J into the field k((t Q )) of Hahn power series (i.e., of formal expressions of the form s∈Q a s t s with a s ∈ k such that the set S = {s ∈ Q | a s = 0} is bounded from below and the set {s ∈ Q | s < r, a s = 0} is finite for each real r < sup S), so K becomes a subfield of (K ′ ⊗ k k)((t Q )). Let ξ : K → K ′ be the constant term of the Hahn power series expression.
3.4. Proofs of Theorems 1.2, 1.3 and 1.6. Lemma 3.9. Let Ψ be a set and J ⊂ Ψ be a subset. Let F be a field and k be a subfield algebraically closed in F . Then any simple
Ψ be a non-zero element of M , so Q = α/β is a ratio of a pair of elements α, β ∈ F Ψ J ⊗ k k, i∈I A i for a finite subset I ⊆ J and a finitely generated k-subalgebras A i of F . There is a finite field extension k ′ |k and a collection of k-algebra homomorphisms ϕ i : A i → k ′ such that for the k-algebra homomorphism ϕ := id ⊗ i∈I ϕ i :
Theorem 3.10. Let Ψ be a set, F be a field and k be a subfield algebraically closed in F .
Assume that transcendence degree of the field extension F |k is at most continuum. Let K ⊆ F Ψ be an SΨ -invariant subfield. Then the object F Ψ is an injective cogenerator of the category of smooth K-semilinear representations of SΨ . In particular, (i) any smooth K-semilinear representation of SΨ can be embedded into a direct product of copies of F Ψ ; (ii) any smooth F Ψ -semilinear representation of SΨ of finite length is isomorphic to a direct sum of copies of F Ψ .
Proof. By Proposition 3.5, for any smooth simple F Ψ SΨ -module M there is a finite subset J ⊂ Ψ and an isomorphism of F Ψ S Ψ|J -modules for s > 0, so M ′ is isomorphic to F Ψ J , again by Lemma 3.9, and thus, M is isomorphic to F Ψ .
We have to show that for any smooth simple F Ψ SΨ -module V and any non-zero v ∈ V there is a morphism V → F Ψ non-vanishing at v. The F Ψ SΨ -submodule v of V generated by v admits a simple quotient, which is just shown to be isomorphic to F Ψ , i.e., there is a non-zero morphism ϕ : v → F Ψ . As F Ψ is injective (Proposition 3.8), ϕ extends to V . Proof. For any smooth simple K SΨ -module V the F Ψ SΨ -module V ⊗ K F Ψ admits a simple quotient isomorphic, by Theorem 3.10, to F Ψ . This means that V can be embedded into F Ψ . Proof. Let K ⊂ k(Ψ) be the subfield generated over k by squares of the elements of Ψ. By Theorem 3.10, k(Ψ) is an injective object of the category of smooth K SΨ -modules. On the other hand, there is an isomorphism s≥0 K By Lemma 3.4, it suffices to show that the
We proceed by induction on the order of J, the case of empty J being trivial. Suppose that this is known in the case s = 0. As 
t j P ∈O L · P (t) −m , where O runs over the SΨ ′ -orbits of (non-constant) irreducible monic polynomials over L. In other words, L(t) is a direct sum of summands isomorphic to L and to L SΨ ′ /U P,m for some open subgroups U P,m ⊆ SΨ ′ . Applying Lemmas 2.2 and 2.4 completes the induction step.
Proof of Theorem 1.3. By Theorem 3.10, k(Ψ) is an injective cogenerator of the category of smooth V 0 SΨ -modules. To show that the subobjects V d ⊂ k(Ψ) form a system of injective cogenerators, it suffices to verify that they are direct summands of k(Ψ) and that k(Ψ) embeds into d∈Z V d .
There is a unique discrete valuation v : k(Ψ) × → Z trivial on V × 0 and such that v(x) = −1 for some (equivalently, any) x ∈ Ψ. The valuation v is SΨ -invariant and completion of k(Ψ) with respect to v is isomorphic to the field of Laurent series V 0 ((
. This implies that all V d are direct summands of k(Ψ), and thus, they are injective. 
Suppose first that
. Let Q ∈ V be a (non-zero) monic polynomial in x of minimal degree. Then V contains Q − σQ for any σ ∈ SΨ . If σQ = Q for some σ ∈ SΨ then Q − σQ = 0 and deg(Q − σQ) < deg Q, contradicting our assumption, so σQ = Q for any σ ∈ SΨ , i.e., Q ∈ k.
Suppose now that V ⊂ V (j,m) R
. One has isomorphisms
Thus, any smooth K SΨ -module V of finite length is a finite-dimensional K-vector space. Set N := dim K V . By Theorem 3.10, the SΨ -action on V in a fixed basis is given by the 1-cocycle f σ = Φ(I)Φ(σI) −1 for some finite I ⊂ Ψ and some Φ(X) ∈ GL N k(I). As f σ ∈ GL N K, one has Φ(T λ I)Φ(T λ σI) −1 = Φ(I)Φ(σI) −1 for any λ ∈ k and any σ ∈ SΨ , where T λ x = x + λ for any x ∈ Ψ ⊂ k(Ψ), and therefore,
Changing the basis, we may assume that Φ(I) −1 Φ(T λ I) is block-diagonal with unipotent blocks corresponding to indecomposable direct summands of V . For any integer N ≥ 1 the unique isomorphism class of smooth K-semilinear indecomposable representations of SΨ of length N is presented by
To show that the object K[x] is a cogenerator, it suffices to verify that for any smooth K SΨ -module V and any non-zero v ∈ V there is a morphism V → K[x] non-vanishing at v. The K SΨ -submodule in V generated by v admits a simple quotient, which is isomorphic, as we know, to K. So this submodule admits a morphism to 
Examples. 1. Let Ψ be an infinite set, possibly endowed with a structure of a projective space. Let G be the group of automorphisms of Ψ, respecting the structure, if any. Let J be the G-closure of a finite subset in Ψ, i.e., a finite subset or a finite-dimensional subspace. Let U be the stabilizer of J in G. Then G/U is identified with the set of all G-closed subsets in Ψ of the same length as J.
2. By Lemma 3.15, K G/U is indecomposable in the following examples:
(1) G is the group of projective automorphisms of an infinite projective space Ψ (i.e., either Ψ is infinite-dimensional, or Ψ is defined over an infinite field), U is the setwise stabilizer in G of a finite-dimensional subspace J ⊆ Ψ. Then G/U is identified with the Grassmannian of all subspaces in Ψ of the same dimension as J. (2) G is the group of permutations of an infinite set Ψ, U is the stabilizer in G of a finite subset J ⊂ Ψ. Then G/U is identified with the set Ψ #J of all subsets in Ψ of order #J. (3) G is the automorphism group of an algebraically closed extension F of a field k, U is the stabilizer in G of an algebraically closed subextension L|k of finite transcendence degree. Then G/U is identified with the set of all subextensions in F |k isomorphic to L|k. 
i ) is a finitely generated A U -module.
Examples. 1. The finiteness assumption of Lemma 3.16 is valid for any open subgroup G of SΨ or of the automorphism group of an infinite-dimensional vector space over a finite field, as well as for any compact group G.
2. The restriction functor splits the indecomposable generators into finite direct sums of indecomposable generators via canonical isomorphisms of A G J -modules A Ψ t q = Λ⊆J M Λ , where M Λ is the free A-module on the set of all subobjects of Ψ of length t and meeting J along Λ.
In the following result, our principal examples of the ring A will be division rings endowed with an SΨ -action, though localization of Z[x | x ∈ Ψ] at all non-constant indecomposable polynomials gives one more example. Proof. We need to show that any A U -submodule M ⊂ A Ψ s is finitely generated for all U = S Ψ|S with finite S ⊂ Ψ. We proceed by induction on s ≥ 0, the case s = 0 being trivial. Assume that s > 0 and the A U -modules A Ψ j are noetherian for all j < s. Fix a subset I 0 ⊂ Ψ S of order s.
Let M 0 be the image of M under the A-linear projector π 0 : A Ψ s → A I s 0 ⊂ A Ψ s omitting all s-tuples containing elements other than those of I 0 . As A is noetherian and I s 0 is finite, the A-module M 0 is finitely generated. Let the A-module M 0 be generated by the images of some elements α 1 , . . . , α N ∈ M ⊆ A Ψ s . Then α 1 , . . . , α N belong to the A-submodule A I s of A Ψ s for some finite subset I ⊂ Ψ.
Let J ⊂ I ∪ S be the complement to I 0 . For each pair γ = (j, x), where 1 ≤ j ≤ s and x ∈ J, set Ψ s γ := {(x 1 , . . . , x s ) ∈ Ψ s | x j = x}. This is a smooth S Ψ|J -set. Then the set Ψ s is the union of the S Ψ|J -orbit consisting of s-tuples of pairwise distinct elements of Ψ J and of a finite union of S Ψ|J -orbits embeddable into Ψ s−1 :
, (iii) for any g ∈ U such that g(I 0 ) ∩ J = ∅ there exists g ′ ∈ U J with g(I 0 ) = g ′ (I 0 ) (U J acts transitively on the s-configurations in Ψ J), one has inclusions of A U J -modules
On the other hand, g(M 0 ) ⊆ g( N j=1 Aα j ) + γ∈{1,...,s}×J A Ψ s γ for g ∈ U J , and therefore, the A U J -module M/ N j=1 A U α j becomes a subquotient of the noetherian, by the induction assumption, A U J -module γ∈{1,...,s}×J A Ψ s γ , so the A U J -module M/ N j=1 A U α j is finitely generated, and thus, M is finitely generated as well.
As a corollary we get the following In particular, the category of smooth A SΨ -modules is locally noetherian, i.e., any smooth finitely generated left A SΨ -module is noetherian. 4 . Relation between representations of automorphism groups of universal domains and of symmetric groups: some examples 4.1. 0-cycles and representations. We keep notations of § §1.2 and 3.1, so C is an algebraically closed extension of infinite transcendence degree of an algebraically closed field k of characteristic 0, Ψ ⊂ C is an infinite transcendence base of C over k, G is the group of all automorphisms of the field C leaving k fixed and G Ψ is the subgroup of G consisting of elements identical on Ψ (or equivalently, on k(Ψ)).
There are some reasons to expect that the following holds ([2, Conjecture on p.513]).
Conjecture 4.1. Any simple object of I G (k) can be embedded into the tensor algebra
This conjecture has consequences for the Chow groups CH 0 (−) 0 of 0-cycles of degree 0. 
4.2.
The functor H 0 (G Ψ , −). As it follows from Proposition 1.1, the functor H 0 (G Ψ , −) from the category of smooth C G -modules to the category of smooth k(Ψ) SΨ -modules is a faithful and exact. However, it is not full: Ω 1 C|k and Sym
2
C Ω 1 C|k are distinct simple smooth C G -modules, while 
C|k , at least if k is the field of algebraic numbers.
Proof. Indeed, W is admissible and irreducible, so we can apply [3] .
Proof. By Corollary 3.12, the objects k(Ψ) Ψ i are injective, so using Theorem 3.18 and identifications k(Ψ)
k(Ψ)|k of Example 2.6, we may assume that V is cyclic. For any finite T ⊂ Ψ consider the k(T )-semilinear representation V G T of the group of k-linear automorphisms of the k-linear span of T . As it follows from [3] , V G T admits a filtration whose quotients are direct summands of k(T )-tensor powers (Schur functors) of Ω 1 k(T )|k . Moreover, for T ⊂ T ′ one has V G T ⊗ k(T ) k(T ′ ) ⊆ V G T ′ and these filtrations are compatible, thus, giving rise to an ascending filtration on V G Ψ whose quotients are direct summands of k(Ψ)-tensor powers of Ω 1 k(Ψ)|k , so it remains to show that k(Ψ) Ψ We proceed by induction on N , the cases N ≤ 1 being trivial. For the induction step it suffices to construct a bijective morphism Proof. Let Π be the set of isomorphism classes of smooth irreducible representations of G Ψ . For any ρ ∈ Π the subgroup ker ρ ⊂ G Ψ is open, so the subfield C ker ρ is a finite extension of k(Ψ), and thus, it is a purely transcendental extension of a subfield L ρ finitely generated over k.
Denote by W ρ = ρ ⊗ k Hom G Ψ (ρ, W ) the ρ-isotypical part, where ρ is a representation in ρ, so
where O runs over the SΨ -orbits in Π and V O = ρ∈O H 0 (G Ψ , W ρ ⊗ k C ρ ∨ ). For any ρ ∈ Π and g ∈ G one has 
S Ψ|T ρ k(Ψ), and therefore, 
Proof. It suffices to show that any cyclic k(Ψ) U -submodule V ′ of V is a sum of submodules isomorphic to k(Ψ). But V ′ is a finitely generated k(Ψ) U ′ -module, since SΨ is 'Roelcke precompact': V is a quotient of k(Ψ) U/U ′′ = O ( x∈O k(Ψ) · x) for an open subgroup U ′′ ⊂ U , where O runs over the (finite) set of U ′ -orbits on the set U/U ′′ . As the finitely generated k(Ψ) U ′ -module V ′ is a sum of copies of k(Ψ), it is finite-dimensional over k(Ψ). By Lemma 2.2, U admits a normal subgroup of finite index of type S Ψ|T for a finite T ⊂ Ψ. By Theorem 3.10, V ′ = (V ′ ) SΨ|T ⊗ k(T ) k(Ψ), and therefore, V = V SΨ|T ⊗ k(T ) k(Ψ); by Proposition 1.1,
Remark 4.8. It is not true in general that H 0 (G Ψ , W ) is injective, even if W = V ⊗ C for a Q-linear smooth representation V of G. E.g., if V is the kernel of the degree morphism Q C \ k → Q then
